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outline
• What is the real phase diagram of cuprates?
• Why are phase and amplitude relevant?
• How is the pseudogap related to pairing and

phase fluctuations?
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phase diagram of cuprates

pseudogap: two or four regimes?
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T ′: Nernst effect, Hall effect, specific heat.

Eg: specific heat, spin susceptibility, ARPES,...
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Nernst effect: experiment
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Nernst effect: phase diagram
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Hall effect
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model

Experiments show d-wave (s-wave) pairing
⇒ attractive d-wave Hubbard model:

H = −t
∑

〈i,j〉σ
c†iσcjσ−U

∑

i

ni↑ni↓

-t

-U
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introducing phase and amplitude

Hubbard-Stratonovich transformation:

e−Uni↑ni↓ = cst

∫
dψdψ∗e−

|ψ|2
U

+ψni↑+ψ∗ni↓

ψ → |ψ|eiφ

• Universality class of superconductors is 2DXY or
3DXY⇒ phases are relevant!

• The amplitude |ψ| is the energy scale. (|ψ|T=0 = ∆0).
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effective action

Integrate fermionic operators⇒ standard action:

S[ψ] = S0(|ψ|) + Sφ(~∇ψ)

S0 = FBCS for a fixed |ψ|.
Sφ =

∫
dV |∇ψ|2 is the phase part.

The free energy is

F (T ) = − 1

β
log

∫
dψ1 · · · dψN e−βS[ψ]

Two parameters: T0 and V0.
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goal and method

What is the influence of the pairing field ψ on
thermodynamics?
Two methods
• variational: the free energy is minimal with respect to
|ψ|. (amplitude correlations are neglected)

• average value: expand the energy around the average
amplitude 〈|ψ|〉.
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variational method

Polar coordinates:
∫
d2ψ =

∫ ∞

0

d|ψ||ψ|
∫ 2π

0

dφ

Fix the amplitude to a constant |ψ̄|. The free energy is:

F = − 1

β
log

∫ 2π

0

Dφ e−β(S0(ψ̄)− log(|ψ̄|)V/β+Sφ)
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equation of the variational method

Minimize:
∂F

∂|ψ̄| = 0

⇒
∂S0(|ψ̄|)
∂|ψ̄|︸ ︷︷ ︸

amplitude part

− 1

β|ψ̄|︸︷︷︸
Jacobian term

+ c|ψ̄| 〈Sφ〉Sφ︸ ︷︷ ︸
phase fluctuations

= 0.

⇓(static)

BCS

⇓(|ψ| = cst)

XY model
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solving the variational equation
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variational method: specific heat

The specific heat is C = Camplitude + Cphase
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average value approach

• Expand the energy around the average amplitude:

U = 〈S〉S ≈ S0(〈|ψ|〉) + 〈Sφ〉S +O(〈δ|ψ|〉2)

• Replace averages over S by averages over the
Ginzburg-Landau action SGL = UGL(|ψ|) + Sφ:

〈· · · 〉S −→ 〈· · · 〉SGL
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Computation

Z =
∫
Dψ e−

V0
T

P
i(σ(t|ψi|2+ 1

2
|ψi|4)+ 1

2
|∇ψi|2) where t = T/T0 − 1, and

Sφ =
P
i

1
2
|∇ψi|2
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Monte Carlo cluster simulations

ouput needed:
〈|ψ|〉
Uφ = 〈Sφ〉

for all parameters.
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Fluctuations

〈δ|ψ|〉 =
√
〈|ψ|2〉 − 〈|ψ|〉2
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average value: YBCO specific heat

The specific heat is C = C0 (〈|ψ|〉) + Cphase
where 〈|ψ|〉 = Z−1

R
D2ψ |ψ| e−βSGL[ψ]
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average value: amplitude for YBCO

The average amplitude is 〈|ψ|〉 = Z−1
∫
D2ψ |ψ| e−βSGL[ψ]
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average value: LSCO specific heat

C = C0 (〈|ψ|〉) + Cφ
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magnetic spin susceptiblity χp

χp = χBCS (〈|ψ|〉) where 〈|ψ|〉 = Z−1
∫
D2ψ |ψ| e−βSGL[ψ]
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T ′φ is the temperature
above which phase
does not influence

the amplitude (and χp)
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magnetic susceptiblity χ = χp + χd

χp is the paramagnetic spin susceptibility and χd is the
diamagnetic susceptibility.
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density of states: CPA

CPA (Coherent Phase Approximation):

〈G(r, r)〉ψr︸ ︷︷ ︸
average local GF

= G(0, z)︸ ︷︷ ︸
effective local GF
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resulting phase diagram.
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Eg := 〈|ψ|〉T=200K

pseudogap energy scale Eg

⇒ T0 ∼ T ∗

⇒ Tφ ∼ T ′Hall, T
′
Nernst.
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conclusion and perspective

• Superconductivity and pseudogap have the
same origin.

• Two regimes in the pseudogap: correlated
(phase) and uncorrelated (amplitude).
(6= phase scenario.)

To do: Nernst effect, transport, etc..
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